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ABSTRACT. This paper investigates the tilting modules of the cyclotomic g-Schur alge- 
bras, the Young modules of the Ariki-Koike algebras, and the interconnections between 
them. The main tools used to understand the tilting modules are contragredient duality, 
and the Specht filtrations and dual Specht filtrations of certain permutation modules. Sur- 
prisingly, Weyl filtrations — which are in general more powerful than Specht filtrations — 
play only a secondary role. 



1. Introduction 

In [0] Dipper, James and the author introduced the cyclotomic q-Schur algebras as 
another tool for studying the representations of the Ariki-Koike algebras. These alge- 
bras have a rich and beautiful combinatorial representation theory which closely resembles 
that of the q-Schur algebras. In particular, the cyclotomic q-Schur algebras are quasi- 
hereditary and so they have a theory of tilting modules by Ringel's theorem [|Z0|]. The 
purpose of this paper is to the describe these tilting modules. 

A special case of the cyclotomic q-Schur algebras are the q-Schur algebras of Dipper 
and James [B], The q-Schur algebra 5^(d, n) can be realized as the endomorphism algebra 
End,#(e n )(V r ' 8 '™), where V is the natural module for the quantum group U q (Ql d ) and 
J^(& n ) is the Iwahori-Hecke algebra of the symmetric group. Donkin [§,[l0|] showed that 
when d > n the tilting modules for S^(d, n) are the indecomposable direct summands of 
the exterior powers A X V — /\ Xl V (&•••<& A Xd V, where A is a partition of n. 

By definition a cyclotomic q-Schur algebra is the J^-module endomorphism algebra of 
a certain module M(A) = © Ae ^ M(A) of the Ariki-Koike algebra JF. We do not know 
how to describe M(A) as a tensor product; however, in essence all of Donkin's results 
generalize to the cyclotomic setting — even though the statements and proofs do not. In- 
stead of exterior powers we consider certain hom-spaces_E (a) = Hom^f (M(A), AT(a)), 
where N(a) is something like an induced "sign representation" for the Ariki-Koike alge- 
bra. In order to understand these modules, we work mainly with Specht filtrations and 
dual Specht filtrations of the modules M (A) and N(a). Using these filtrations we are able 
to show that M(A) and N(a) are both self-dual J^-modules; this implies that E(a) is 
self-dual. Further, we can "lift" these filtrations to show that E{a) has a Weyl filtration. 
Combined, these two results to show that the tilting modules of the cyclotomic q-Schur 
algebras are the indecomposable direct summands of the E(a). 

We remark that this description of the tilting modules is valid only under some mild 
restrictions on the poset of multipartitions A and on the defining parameters Q\, . . . , Q r 
for the cyclotomic q-Schur algebra; for the precise statement see Theorem |5.17 . Our 



first restriction is that A must contain all multipartitions of n; this is the analogue of the 
condition d > n in Donkin's theorem. The second restriction is that Q s ^ for any s; this 
is necessary in order to show that E(a) is self-dual. The final restriction is that Qi, ■ ■ ■ ,Q r 
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must all be distinct; this is needed to force the rank of E{a) to be independent of the ground 
ring and the choice of parameters. 

In more detail the contents of the paper are as follows. Section 2 recalls the notation 
and basic results from the representation theory of the cyclotomic g-Schur algebras and 
the Ariki-Koike algebras. Section 3 investigates the Young modules of the Ariki-Koike 
algebras; these are the indecomposable direct summands of the modules M(A) mentioned 
above. The Young module enjoy all of the properties of the Young modules of the sym- 
metric groups introduced by James [[l4j]; they are also closely related to the tilting modules 
of the cyclotomic g-Schur algebras. The fourth section of the paper deals with a duality 
operation on the category of .^-modules. In the case of the symmetric groups this du- 
ality corresponds to tensoring with the sign representation; applying this duality to M(A) 
produces the module N(X), Section 5 studies contragredient duality for the Ariki-Koike 
algebra; the main result here is that M(A) and N(X) are both self-dual ^f-modules. 
Finally, building on the previous results, section 6 classifies the tilting modules as the in- 
decomposable direct summands of the E(a) and section 7 describes the Ringel duals of 
the cyclotomic g-Schur algebras. 

2. Cyclotomic Schur algebras 

This section is a summary of the definitions and results that we will need from the 
representation theory of the cyclotomic g-Schur algebras and the Ariki-Koike algebras. 
The reader is referred to [0] for more details. 

Fix positive integers r and n and let &„ be the symmetric group of degree n. Let R be 
a commutative ring with 1 and let q, Q\, . . . , Q r be elements of R such that q is invertible. 
The Ariki-Koike algebra Jtf? = J^ r ,n is the associative unital i?-algebra with generators 
Tq, Ti, . . . , T n —\ and relations 

(T - QO . . . (T - Q r ) = 0, 

(T i -q)(T i + q- 1 ) = 0, for 1 < i < n - 1, 

ToTxToTx = TiT TiT , 
T + iTT + i = TT+iT, for 1 < i < n - 2, 

T,Tj = TjT t , for < i < j - 1 < n - 2. 

The second relation is often written as (T — w)(T + 1) = 0, for 1 < i < n. This 
presentation may be turned into the one above by renormalizing T as v~?Ti and setting 
q = v 2 . To do this it is necessary that v have a square root in R; however, every field 
is a splitting field for (because J$? is cellular), so we can adjoin a square root of v 
without changing the representation theory of ,34°. We use the presentation above because 
it renormalizes the natural inner product on and so makes many formulas nicer later 
on. We convert the formulas that we need from the literature without mention. 

For i = 1, . . . , n — 1 let s, be the transposition (i. i + 1) in 6„; then {s±, . . . , s„_i} 
generate & n . If w £ S„ then w = . . . Si k for some ij\ if k is minimal then we say 
that this expression for w is reduced and that w has length l(w) = k. In this case we set 
T w = T i± . . . T ik ; then T w is independent of the choice of reduced expression. We also let 
Lk = Tc_i . . . T\T\T\ . . . Tc_i for k = 1,2, ... ,n. These elements give a basis of Jf? . 

2.1 (Ariki-Koike [|3| Theorem 3.10]) The Ariki-Koike algebra Jt? is free as an R-module 
with basis { T" 1 . . . L^T W \ w 6 6 n and < a t < r for 1 < i < n }. 

Recall that a composition of n is sequence a = {o~\, a^, ■ ■ ■ ) of non-negative integers 
such that \a\ = ^ Oi = n; a is a partition if in addition cf\ > 02 > • • • . If Cj = for all 
i > k then we write a = (a\ , . . . , o^). 
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A multicomposition of n is an r-tuple A = (A (1) , . . . , A (r) ) of compositions such that 

AWlH h|A (r )| = n. A multicomposition A is a multipartition if each A w is a partition. 

If A is a multipartition of n then we write A h n. The diagram [A] of the multicomposition A 
is the set [A] = { (i, j, s) | 1 < A^ s) < i and 1 < s < r }. 

The set of multicompositions of n is partially ordered by dominance; that is, if A and fi 
are two multicompositions then A dominates /i, and we write A > (i, if 

c—l j— 1 C—l j — 1 

for 1 < s < r and for alH > 1. If A > /j, and A / /i then we write A l> /i. 

If A is a multicomposition let 6a = S A (i> x • • ■ x & X ( r ) be the corresponding Young 
subgroup of & n - Set 

r a B 

x x = Yl 9 e{w) T w and u+ = [J J] {L k - Q s ), 
we&\ s=2k=i 

where a s = |A^ ! + •••+ |A^ -1 ^ | for 2 < s < r. Set m\ = x\u^ = u^x\ and define 
M (A) to be the right ideal M(A) = m x Jif of Jff. 

If A = (A^, . . . , A^^) is a multipartition then a standard A-tableau is an r-tuple 
t = (t^, . . . , t^ r ') of standard tableau which, collectively, contain the integers 1,2, ... ,n 
and such that t^ c ^ is a standard A' c '-tableau, for 1 < c < r. Let T%\) be the set of standard 
A-tableau. 

Let t A be the standard A-tableau with the numbers 1,2, ... ,n entered in order from 
left to right along its rows. If t is any standard A-tableau let d(t) £ 6 n be the unique 
permutation such that t = t A d(t). Finally, let * : Jt? — > Jif be the anti-isomorphism given 
by7;*=T i ,fori = 0,l,...,n-l,andsetm si = T* (s) Tn A T d(t) . 

2.2 (Dipper- James-Mathas Theorem 3.26]) The Ariki-Koike algebra is free as 
an R-module with {cellular) basis { m st | s, t € T\\) for some A h n }. 

Here, and below, whenever we write expressions involving a pair of tableaux (such 
as m s t or (fisr), we implicitly assume that the two tableaux are of the same shape. 

The basis {m 6 t} is the standard basis of Jf? . For each multipartition A let J%?(\) be 
the i?-submodule of Jf? with basis { m u „ \ u, o <E T s ([i) for some fi > A }; then J%?(A) is 
a two-sided ideal of Jff. 

Let S(\) be the Specht module (or cell module) corresponding to the multipartition A; 
that is, 5(A) = (m x + Jf(\))Jf, a submodule of Jf/Jf{\). For each t G T S (A) let 
m t = rn t A t + Jf? (A); then S(X) is free as an i?-module with basis { m t | t G T^X) }. 
Further, there is an associative symmetric bilinear form on S(X) which is determined by 

(m s , m t )m\ = m t \ s m n \ mod J^{X) 

for all s,l £ T S (X). The radical rad S(X) of this form is again an ^-module, so D(X) = 
S(X)/ rad 5(A) is an Jif-module. When R is a field, D(X) is either or absolutely irre- 
ducible and all simple ^-modules arise uniquely in this way. 

We can now give the definition of the cyclotomic g-Schur algebras. A set A of multi- 
compositions of n is saturated if A is finite and whenever A is a multipartition such that 
A > /i for some /i£ A then A G A. If A is a saturated set of multicompositions let A + be 
the set of multipartitions in A. 
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2.3. Definition. Suppose that A is a saturated set of multipartitions of n. The cyclotomic 
q— Schur algebra with weight poset A is the endomorphism algebra 

y(A) = EikW (M(A)) , where M (A) = M (A). 

AeA 

As we now describe, ^(A) has a basis indexed by pairs of semistandard tableau. 

A A-tableau Of type p is a map T : [A] — ► {(i,s)\i>l and 1 < s < r } such that 
p\ s ' = # { x G [A] | T(a;) = (i, s) } for all i > 1 and 1 < s < r. We think of a T as being 
anr-tuple T = (T (1) , . . . , T (r) ), where T (s) is the A (t) -tableau with T (s) (£, j) = T(i,j, s) 
for all s) G [A]. In this way we identify the standard tableaux above with the tableaux 
of type lo = ((0), . . . , (0), (1™)) . If T is a tableau of type fi then we write Type(T) = fi. 

Given two pairs (i, s) and (j, t) write (i, s) ^ (j, t) if either s < t, or s = t and i < j. 

2.4. Definition. A tableau T is (row) semistandard if, for 1 < t < r, the entries in T(*) 
are 

(i) weakly increasing along the rows (with respect to ^); 

(ii) strictly increasing down columns; and, 

(iii) (i, s) appears in only if s > t. 

Let 7^ rs (A) be the set of semistandard A-tableau of type p and let T£(X) = IJ^eA ^TM 
andT-(A+) = U AeA+ r; s (A). 

Usually, we will refer to row semistandard tableaux simply as semistandard tableaux. 
Later we will meet column semistandard tableaux (these are the conjugates of row semis- 
tandard tableaux). 

Notice that if 7^ S (A) is non-empty then A > p. This observation will be used many 
times below. 

Suppose that t is a standard A-tableau and let p be a multicomposition. Let /i(t) be the 
tableau obtained from t by replacing each entry j with (i, k) if j appears in row i of t/\ 
The tableau p(t) is a A-tableau of type p; it is not necessarily semistandard. 

If S and T are semistandard A-tableaux of type p and v, respectively, and if t is a 
standard A-tableau let 

mst= ]T q e ^m st and m ST - £ q l ^ +i ^m si . 

sST s (A) s,teT s (A) 
M(*)=S /i(«)=S, I /(t)=T 

Then we have the following two results. 

2.5 [0, Theorem 4. 14] Suppose that p is a multicomposition of n. Then M(p) is free as 
an R-module with basis { mst | S G 7^ ra (A), t 6 T S (X) for some A h n }. 

For S and T as above define tp ST g «^(A) by ipsT{ m ah) = 8 av msjh, for all ft, 6 
and all a G A. (Here is the Kronecker delta; so, <5 Q „ = 1 if a = v and it is zero 
otherwise.) Then ip$T belongs to 5^{K); moreover, these elements give us a basis of ^(A). 

2.6 [0, Theorem 6.6] 77ie cyclotomic q— Schur algebra <5^(A) is free as an R— module with 
cellular basis { ysT | S, T € T™{X) /or some A G A + } . 

The basis {^st} is called the semistandard basis of =5^ (A). Because this basis is 
cellular the map * : J^(A) — ► ^(A) which is determined by = i^js is an anti- 
isomorphism of =5^(A). This involution is closely related to the * involution on J/if; explic- 
itly, if ip : M (y) — ► M(p) is an Jf-module homomorphism then tp* : M(p) — > M{y) is 
the homomorphism given by ip*[mpK) — (tp{vf\ h, for all h G J^. 



TILTING MODULES FOR CYCLOTOMIC SCHUR ALGEBRAS 



5 



In order to understand how y(A) acts on its representations we need to explain how the 
multiplication in y(A) is determined by the multiplication in M Suppose that S, T, U 
and V are semistandard tableaux with p = Type(S), a = Type(U) and v = Type(V). 
Then myv = "Iq^uV' 

for some h^y G J€ and there exist scalars txy G R such that 

(2.7) msjh^y = ^ 7 'xy^xy 

xer; s (A+) 

by [0, Cor 5.17]. Now, (psT<p\Jv{m v h) = <psr{m\j\/)h = v?st(»ti q )/iu V /i = msT^-uv' 



for all /i G ; so (2.7) determines the product <^st^uv in ^(A). Explicitly, we have 

(2.8) </3ST</?UV = ^ r XYi/ 3 XY, 

xer^(A+) 
Yer; s (A+) 



where the rxy are given by (2.7). Note that (fsj^Puv = if Type(T) Type(U). In 
addition, because {v^st} is a cellular basis, if r%y ^ then Shapc(X) > Shape(S), with 
equality only if X = S. Moreover, if X = S then ry = r$y depends only on T, U and V; 
in particular, r$y does not depend on S. These details can be found in [Q]; for a complete 
treatment of the theory of cellular algebras see [|l3| [l7]] . 

For each multipartition A G A + there is a right J^(A)-module A(A), called a Weyl 
module. The Weyl module A(A) is the submodule of Hom^r (M(A), S(X)) with basis 
the set of maps { (pj | T 6 TJ S (A), /i G A }, where ipr(m a h) = 5 afi J2t m th an d me sum 
is over those standard A-tableaux t such that p(l) = T. If T is a semistandard A-tableau 
and (^uv is a semistandard basis element then the action of y(A) on A(A) is determined 
by 

(2.9) <^T<y?UV = ^ Ts (VYi 

YeT,5 s (A+) 



where ry = r$y is determined by (2.7) and v = Type(V). (As remarked above, ry is 
independent of S.) 

As with the Specht modules there is an inner product on A(A) which is determined by 

(VSi < / 3 t)'Pa = <Pt a s <^tt a mod 5 A , 

where S x is the i?-submodule of y(A) with basis the set of maps </?uv where U and V 
are semistandard /i-tableaux with p t> A. The quotient module L(X) — A(A)/ rad A(A) 
is absolutely irreducible and { L(X) \ X G A + } is a complete set of non-isomorphic irre- 
ducible I 5^(A)-modules. 

Recall that lo = (w (1 \ . . . , w (r) ) is the multipartition with u)^ = (1™) and lo^ = (0) 
for 1 < s < r. From the definitions, = 1 and ip^ = tpj^j^ is the identity map on Jf; 
so, JrfP — M(oj). In particular, ip^ is an idempotent in y(A) and it is easy to see that 
Jff = ipu&ijs^ipu whenever lo G A. 

For an algebra A let A-mod be the category of finite dimensional right A-modules. As 
noted in [ji5[], standard arguments show that there is a functor 

Fu, : y ( A)-mod — ► Jt? -mod; M i — ► M Vul 

which has the following properties. 

2.10 (The cyclotomic Schur functor Jl5|]) Suppose that R is afield and that lo G A. Let 
X G A + . Then, as right ffl-modides, 

(i) F B (A(A))SS(A); 
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(ii) FJL(X)) ^ D(X). 
Furthermore, if D(p) ^ then [A(A) : L(p)] = [5(A) : D(p)]. 

3. Cyclotomic Young modules 

For each multicomposition p of n let ip^ be the identity map on M(p). This section 
describes the indecomposable summands of M(p). We approach this question by consid- 
ering the right ,y (A)-modules M{p) = Homjr (M(A),M(/i)). 

All of these results in this section about the modules M (//) apply without restriction 
on A; however, whenever we apply the Schur functor we implicitly assume that weA. 

3.1. Proposition. Suppose that p G A. Then the following hold. 

(i) M{p) is free as an R-module with basis 

{ tpsT | S G T"(A), T G X\X)for some v G A and A G A+ } . 

(ii) = (/5 M J^(A) as n'g/if 5? \K)-modules; in particular, M(p) is projective. 

(iii) As .^-modules, M(p) = F u (M(p)). 



Proof. Part (i) is just a restatement of (|2.q). For (ii), note that if S G 72' S (A), for some 
A G A+ and a G A, then (p^fsT = <5 aAi v?sT for all T G T£(X). Hence, </? M ^(A) = M(p) 
by part (i). As </? M is an idempotent this also shows that M(p) is a projective ^(A)- 
module. Finally, by part (i) again, the ^f-module F u (M(p)) = Hom^ (^f, M(/i)) is 
free as an i?-module with basis { (p$t | S G T™(X), t G T S (X) for some A G A + }. Hence, 



by (2.5), F UJ (M(p)) = M(p), where the isomorphism is given by the i?-linear map 
determined by </?st' — >?rist = VSt(?Tv) for all S G T^{X) an d t G T S (X). □ 

An ^(A)-module X has a Weyl filtration if it has an ^(A)-module filtration 

X = X x D • ■ ■ D X k D X fc+1 = 

such that Xi/Xi+i = A(Ai) for some multipartition A^ G A + , for 1 < i < k. Since each 
Weyl module A(A) has simple head L(X) and [rad A(A) : L(p)] ^ only if A > p the 
equivalence classes of the Weyl modules are a basis of the Grothendieck group of ^(A); 
consequently, when R is a field the filtration multiplicities 

[X : A(A)] = # { 1 < i < k | X t /X %+1 S A (A) } 

are independent of the choice of filtration. Finally, note that if X has a Weyl filtration as 
above then F U (X) = F u {Xi D ■ ■ ■ D F w {X k ) D F^Xk+i) = is a Specht filtration 

of F u (X) by (^T0|); that is,F u (X i )/F u (X i+1 ) Si F u (X i /X i+1 ) = S(A,),forl < i < k. 



3.2. Lemma. Suppose that p G A. Then M{p) has a Weyl filtration 

M{p) = Mi D M 2 D ■ ■ ■ D M k D M k+1 = 

and there exist multipartitions Ai, . . . , X k such that Mi/ Mi+\ = A(Xi),for i = 1, . . . , k. 
Moreover, if Xi t> Xj then i > j and #{l<«<A;|Ai = A} = =ffT™(X) for each multi- 
partition X. Hence, [M(p):A(X)] = #T™(X) when R is afield. 



Proof. By Proposition [3JJ, { (psT I S G 7^' S (A), T g t;%X) for some ceA and A G A+ } 
is a basis of M(p). Let {Si, . . . , Sfe} be the set of semistandard tableaux of type p ordered 
so that i > j whenever Shape(S;) l> Shape(Sj). Let Ai = Shape(Si), for 1 < i < k. 
Notice that A, > p, for all i, since T*%Xi) ^ 0. 

Fix an integer i, with 1 < i < k, and let Mi be the i?-submodule of M (p) with basis 

{ps/r I > Xi and T G T£{Xj) } . 



TILTING MODULES FOR CYCLOTOMIC SCHUR ALGEBRAS 



7 



Then Mi is an I 5 z '(A)-module by the remarks after (2.8). Further, there is an isomorphism 
of ^(A)-modules A(A») = Mi/Mi+i given by ip T i — >^s,t + M i+ i, forT G T™(Xi), 
U+i- 



because S Xi fl Mi C M i+ i. □ 



The simple I 5^(A)-modules L(X) are indexed by the multipartitions A G A + . Fix 
a set { -P(A) | A G A + } of principal indecomposable J^(A)-modules where P(A) is the 
projective cover of L(X). 

3.3. Proposition. Suppose that R is afield and let p be a multipartition of n. Then 

M(jjl) - © c AAI P(A) 

for some non-negative integers c\^. 

Proof. By Proposition [Of , .M(/x) is a projective ^(A)-module; therefore, there exist 
non-negative integers such that M(p) = @ A c AjU P(A). Now, by [ pj| , Theorem 3.7] 
(or, more explicitly, [|l7|, Lemma 2.19]), each P(A) has a Weyl filtration in which A(A) 



appears with multiplicity 1, On the other hand, Lemma 3.2 M{p) has a Weyl filtration 
in which the Weyl module A(A) is a subquotient only if T* S (X) is non-empty; that is, 
if A > p. Hence, ^ only if A > p. 



It remains to show that c MM = 1. First, observe that by Lemma 3.2 A(/i) is a top 
composition factor of M(p); consequently, L(p) is also top composition factor of M(p). 
On the other hand, L(p) is a top composition factor of P(A) if and only if A = p: hence, 



P(p) is a direct summand of M(p) and c MM > 1. Therefore, by Lemma [3. 2[ 

1 = [M{ji) : A( M )] = ^> A/1 [P(A) : A( M )] > c w > 1. 

A 

We must have equality throughout; so c MM = 1 and the Proposition follows. □ 

Suppose that S G T* S {X) and T G T; s (A). Then, since M (p) = Hom^ (M (A) , M(p)), 
we can define an t 5^'(A)-module homomorphism $st : M{v) — ► -M(ju) by $st(/) = 
¥>St/ for a H / G .M(i>). In fact, as S and T run over 7^ S (A) and T"(X), respectively, these 
maps give a basis of Hom.jp (.M(i'), M(p)J. 

3.4. Lemma. Suppose that ji E A. 77ze/i Homy^j (.M(t'), .M(/i)) is free as an R— 
module with basis { <&st | S G T™(X), T G T™(X) for some X h n } . 

Proof. By definition each of the maps <I>st belongs to Horn ^(a) (/•*)) an d mev 

are certainly linearly independent. It remains to check that these homomorphisms span 
Homy(A)(M(i/),A1(/j)). Now, if / G Homy( A ) (.M(f), then there exist a$j G 



P such that f{ip v ) = Sst a ST</?ST by Proposition 3.1. Hence, / = ^ '^St'&st and the 



Lemma is proved. □ 
For each multipartition A let F( A) = P W (P(A)). If /i G A i s a multipartition then 



M(p) = Pu(.M(/i)) by Proposition 3_T; therefore, by Proposition 33, 

(3.5) M(p) = Y(p)®Q cxfiY(X). 

Al>/i 

As remarked above, P(A) has a Weyl filtration. Therefore, Y(X) has a Specht filtration; in 
particular, Y(X) ^ 0. Following James [|l4|], we call Y(X) a Young module of Jif. 

3.6. Theorem. Suppose that R is a field and let [i be a multipartition of n. Then the 
following hold. 
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(i) Each Y(ji) is an indecomposable .^-module; 

(ii) If X is another multipartition of n then Y(X) = Y(fi) if and only if X — fi; and, 

(iii) The Young module Y(/i) has a Specht filtration 

Y(p) = Yi D ■ ■ ■ D Y k D Y k+1 = 

with Yi/Yi+i = S Xi , for some multipartitions Ai, . . . , Afe. 

(iv) The number of Xi equal to X is the decomposition multiplicity [A(A) : L{ji)\. 



Proof. First note that (2.6) and Lemma 3.4 show that 

Rom^ (A) {M(fx),M(X)) Si Hom^(M(A), M(/x)) 

as P-modules; explicitly, the isomorphism is given by $st 1 — ► Pw(^st) = <Pst- There- 
fore, induces an injective map Horn ^(\)(P(fi), P(^)) Homj^(F(A), y(/z)). Now 
Y(X) is a direct summand of M(fi) so any map from Y(X) to Y(fi) can be extended to a 
map in Rom.jp (M(X), M(/i)); hence, Hom y(A) (P(p), P(A)) and Rom je(Y(X),Y(fi)) 
are isomorphic i?-modules. 

In the special case where A = v the last paragraph says that Endj^(A) (P(/i)) and 
Find#f(Y(p)) are isomorphic rings. This proves (i) as Endy(A) (P(/z)) is a local ring 
because P(/i) is indecomposable. Similarly, part (ii) follows because if Y(p) = Y(X) 
then Horn ^ (Y (//) , Y(X) ) contains an isomorphism and this lifts to give an isomorphism 
PQi) S P(A), so A = fjt. 

We now prove (iii). Recall from the proof of Proposition 3.3 that P(/i) has a Weyl 
filtration P{p) = Pi D ■ ■ ■ D Pfe D Pk+i = 0. Moreover, for each multipartition A, 

#{l<i<fc| Pi/P+i = A(A) } - [P(m) : A(A)] = [A(A) : L( M )], 

where the last equality follows from [|l3| Lemma 2.19] (the cellul ar alg ebra analogue of 
the Brauer-Nesbitt cde-tri angle). Setting Yi = P W (P,*), and using ( 2.10| ), gives a filtration 
of Y(n) with the required properties. Notice that P W (A(A)) = S(X) for all A; therefore, 
even though F LU (L(X)) = when D(X) — the multiplicities in the Specht filtration 
of Y(fi) are preserved. □ 



In part (iii) we can do slightly better because the arguments of [|i3|,|l7|] show that P(p) 
can be filtered so that each of the quotients is isomorphic to a direct sum of [A(A) : L(/i)] 
copies of the Weyl module A (A). 

Let (K, O, R) be a modular system (with parameters). That is, O C K is a discrete 
valuation ring with residue field R and we choose parameters q, Qi, . . . , Q r in O so that 
the Ariki-Koike algebra J%k over K with parameters q,Qi, . . . ,Q r £ O is semisimple 
and ir(q) = q and ir(Q s ) = Q s , for 1 < s < r, where ir : O — ► R is the canonical 
projection map. Let M'o be the Ariki-Koike algebra with parameters <?, Qi, ■ . . ,Q r £ O; 
then J^k = Jfo ®o K and Jf = J^r — ®o P- 

Let Y be an Jf^-module with an lattice; that is, an O-free J^o-module Yq such 
that Y = Yq <E>o R- Suppose that Yq has a Specht filtration 

Y = Y ,i D ■ ■ ■ D Y .k D 

and set Y l = Yo,i ®o R, for all i. Then Y D Yi D • • • D Yfe D is a Specht filtration of 
y. In this case for any multipartition A we define 

[Y : 5(A)] = dim A - Hom A (y c ® a K, S(X) K ). 

Then [y : S(X)] is independent of the choice of lattice Yq and the choice of filtration (Y 
is a modular reduction of Yk = Yq ®e> K and Yjf is independent of these choices being 
semisimple). 
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As Theorem |3.q(iii) holds for all rings we can rephrase Theorem p.q(iv) as follows. 

3.7. Corollary. Suppose that R is afield and let A and fi be multipartitions of n. Then 

[Y(fi) : 5(A)] = [A(A) : L(fi)]. 

Note that we cannot just define [Y(fi) : S(X)] to be equal to the number of subquotients 
which are isomorphic to S(X) in a Specht filtration of Y(fi) because it can happen that 
S(X) = S(v) even though A ^ v. This is why we have to introduce a modular system. 

If fi = (fjW, ■ ■ ■ , f^^) is a multicomposition of n let ft = (fi 1 -- 1 ^, . . . ,ft^) be the 
unique multipartition of n such that ffo> is the partition obtained from fjy) by reordering 
its parts. The following result is needed in [§]. 

3.8. Corollary. Suppose that R is afield and let fi be a multicomposition of n. Then 

M( M )sy(^)©0c v F(A) 

where the integers c\p are as in Proposition [O. 



Proof. If fi is a multipartition then this is just a restatement of (3.5), so suppose that fi is not 
a multipartition. Then 6 M and 6^ are conjugate subgroups of S„; therefore we can find 
a permutation d E 6 n such that S M = d~ 1 &pd and Prf -1 and t/'d are both row standard 
(see, for example, Jl7| , Lemma 3.10]). For this d we have T^m^ = mpTd (by [|7| 2.1(iv)]); 
consequently, Mi fi) = Tj l M(fl) = M(jT) as right Jf-modules. The general case now 
follows from (fj). □ 

4. Twisted cyclotomic Schur algebras 

The Ariki-Koike algebra = J% tn has (at most) 2r one dimensional characters; 
namely, the i?-linear maps \s,a ■ <ffir,n — y R> f° r 1 < s < r and a 6 {q, — q^ 1 }, which 
are determined by Xs,a(To) = Q s and Xs,a(Ti) — a, for 1 < i < n. The character Xs,a is 
afforded by the Specht module S Xb •= where 

!(n), if s = t and a = q, 
(1™), ifs^tanda^-q-\ 
(0), otherwise. 

Clearly, 5 A -° S^.- 3 if and only if (Q s ,a) = (Q t , (3). When ,3i° is semisimple all of 
these representations are pairwise non-isomorphic. 

Given any J^-module M we can use the character \s.a to twist the ^-action to give 
a new J^-module M s , a on which ft, S acts as Xs,a(ti)h. By considering characters, in 
the semisimple case the effect of this operation on the Specht modules amounts to a cyclic 
permutation of the components of the corresponding multipartitions, and taking conjugates 
when a — — q^ 1 . In contrast, when is not semisimple the twisted Specht module S^ a 
is not necessarily isomorphic to another Specht module. 

This section investigates what happens when we twist modules by the 'sign represen- 
tation' Xr.-q- 1 °f These twisted modules play a key role in understanding the tilting 
modules of the cyclotomic Schur algebras. 

Let Z = 1[q, Qi, . . . , Q r ], where q,Qi, . . . ,Q r are indeterminates over Z, and 
let M'z be the Ariki-Koike algebra over Z with parameters q, Q%, . . . , Q r . The relations 
of Jtf? imply that ,3V has a Z-algebra involution ' which is determined by 



n = Ti, q' = -q-\ and Q' s = Q r 



-s+l, 
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for < % < n and 1 < s < r. Then L' k = L k and T' w = T w , for all 1 < k < n and 
w G & n - We emphasize that the involution ' is only defined genetically (i.e. over Z) and 
that Jf? does not have a corresponding involution when R is not a free Z-module under 
specialization. Nevertheless, specialization arguments will allow us to transport the effects 
of into JtfR. 

Suppose that A is a multicomposition and define 

r-1 b a 

fA = E (-ir l[w)T ™ and u- = [] - Q s ), 

w£6\ s=l k=l 

where b s = |A( S+1 )| + • • • + |A (r )| for 2 < fc < r. Then ? y A = {x x )' and = 
in particular, it follows that y\u^ = u^y\. Set n\ = y\u^ and, if s and t are standard 
A-tableaux, define n 5t = T^uVnxT^ny, then n sl = (m sl )' . Therefore, because ' is a 



Z-algebra involution, {n s t} is a cellular basis of J#z by (2.2). 

Returning to the general case, any ring R with a choice of parameters q,Q%, . . . ,Q r 
is naturally a Z-module under specialization: that is, q acts on R as multiplication by q, 
and acts as multiplication by Q s , for 1 < s < r. Moreover, because J$? is i?-free this 
induces a isomorphism of i?-algebras M'r = J#z ®z R via Ti i — > Ti ® for < i < 7?,. 
We say that J^r is a specialization of Jf? z . 

Hereafter, we drop the distinction between q and q, and Q s and Q s , and we identify the 
algebras = and J#z ®z R via the isomorphism Ti i — > Ti g) 1^ above. Thus, we 



have elements y\, u x and n si in Jff and by (2.2), and the specialization argument above, 
we have the following. 

4.1 (Du-Rui [ p] , 2.7]) T/ie Ariki-Koike algebra Ji? is free as an R-module with cellular 
basis { 71st | s, t G T^(A) /or some A h n }. 

Since {n B t} is a cellular basis it gives us a second collection of cell modules for J^; 
namely, for each multipartition A define the dual Specht module S"(A) to be the right 
JT-module (n x + Jf'(A))Jf, where = (jf (A))' is the two-sided ideal of 

with basis n u0 with Shape(u) = Shapc(o) O A. Then S"(A) is i?-free with basis 



{ n t | t G T S (A) }, where n t = 7i t A t + J^' (A). This terminology is justified in Corollary 5.7 
below which shows that <S"(A) is isomorphic to the contragredient dual of S(X'), where A' 
is the multipartition conjugate to A. We remark when is semisimple a straightforward 
calculation using characters shows that S'(X) = S(X') r _ q -i. 

Let -D'(A) = S'(X)/ radS"(A), where radS"(A) is the radical of the bilinear form on 
5"(A); the form is defined in terms of the structure constants of the cellular basis {n 5 t}. 
Once again, the theory of cellular algebras says that the non-zero D'(X) are a complete set 
of pairwise non-isomorphic irreducible -modules. 

For any multicomposition /i let -ZV(/i) = n^Jff. If S is a semistandard A-tableau of 
type /1 and t is a standard A-tableau define 

n St = £ (-q)-^n st . 



From the definitions, 71st = m' Sl in Jfg; therefore, (2.5) and the usual specialization 
argument show that the following holds. 

4.2. Corollary. Suppose that /1 is a multicomposition of n. Then N(/i) is free as an R- 
module with basis { nst | S G 7?" S (A), t G T S (X) for some Ahn}. 
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Just as in [0, Cor. 4.15], this implies that N(p,) has a dual Specht filtration in which the 
number of subquotients equal to S'(X) is #7^ S (A). This filtration can also be obtained by 
specializing the corresponding Specht filtration of the Jtfz -module M(fi). 



Mirroring Definition 2.3, if A is a saturated set of multicompositions A define the 
twisted cyclotomic q-Schur algebra to be the endomorphism algebra 

S"(A) = Endjr (^V(A)), where N(A) = N(p). 

jueA 

If S G Xf(A) and T G T^X) are semistandard tableaux let 

n ST = J2 (-qr e(d{5)) - iid{t)) n st . 
s,ter s (A) 

/i(«)=S,i/(t)=T 

Now define the homomorphism ip' SJ G (A) by y>5 T (n Q /i) = ^i/«st'*, for all h G 
and all a G A. Then y>g T belongs to S*"(A). 

Write ^'(A)z for the twisted cyclotomic Schur algebra over Z. Similarly, we write 
M (fi)z, N{fj)z, ■ ■ ■ whenever we have a free i?-module whose rank is independent of R, 
q and Q x , . . . , Q r . 

4.3. Proposition. Suppose that A is a saturated set of multicompositions. 

(i) The twisted cyclotomic q-Schur algebra y' (A) is free as an R- module with cellular 
basis 

{ ip' ST | S G T™(\), T G TJ{\) for some fi, v G A ant/ some A G A + } . 

Consequently, y'(A) = y'(A) z ®z R- 

(ii) The twisted cyclotomic Schur algebra y'(A) is quasi-hereditary. 

(iii) The R-algebras J?" (A) and S*(A) are canonically isomorphic. 

Proof. Using Corollary 4.2, an easy modification of the argument of Prop. 6.3] shows 
that { nsT | S G 7^" S (A), T G TJ S (A) for some A h n } is a basis of N(v)* n N(p). Part (i) 
nows follows exactly as in the proof (2.6); see [j^, Theorem 6.6]. In particular, notice that 



because y' (A) = y'(A)z ®z R we can now use specialization arguments. 

Part (ii) follows from (i) using the argument of [0, Cor. 6.18]; alternatively, it may be 
deduced by the specialization of a hereditary chain of the algebra y(A)z- 

Finally, (iii) follows because when R = Z, 

Romjt (M(z/),M(/x)) S* Hom,# (M(i/)', M(p,)') = Romjt (N(v),N(/i)); 

explicitly, the isomorphism is given by ipsr ' — ► Vst' f° r semistandard tableaux S and T. 
As y(A) = y(A) z ® R and y'(A) = ,9"(A) Z ® R this implies the general case. □ 

Let A' (A) and L'(X), respectively, be the Weyl modules and simple modules of y'(A); 
these are defined in exactly the same way as the corresponding modules for y(A). As in 



( 2.10 ), if lj G A then there is a functor 

^"(A)-mod — > Jf-mod; ATi — vN(f/ u , 

where (p' u is the identity map on Jjf, Because ip'^ — (p u we abuse notation and again denote 
this functor by F u . As in ( gig ), we have F U) (A'(X)) S"(A), F w (i'(A)) = D'(A) and 
[A'(A) : L'(jj)] = [S"(A) : £)'(//)] whenever £>'(//) ^ 0. 

In latter sections we will be particularly interested in the analogues of the Young mod- 
ules in this setup. For each A G A + let P'(X) be the projective cover of L'(X). Suppose that 
p E A + and let Af(p) — ip'^y^A), where <p' is the identity map on N(p). Then <p' is an 
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idempotent so J\f((i) is a projective ^'(A)-module. Therefore, there exist non-negative 
integers > such that 

AT( M )-P'( M )©0c v P'(A). 
In fact, because N{n)z = M {p)'z ^ follows by a sp ecial ization argument that the integers 



are the same as those appearing in Proposition 3_3 We call Y'(p) = F L0 (P'(X)) a 
twisted Young module. 

Define the filtration multiplicities [Y' (A) : S'(fi)] exactly as in section 3. 

4.4. Proposition. Suppose that R is afield and let A and fi be multipartitions ofn. Then 

(i) N(p) = Y'(p) © ©a>4lJ1'(^) CaA ' wnere the integers cx^ are the same as those 



appearing in Proposition p. 3: 

(ii) Y'(p) is indecomposable; 

(iii) Y'(X) ^ Y'(fi) if and only if X = fi; 

(iv) the Young module Y'(fi) has a dual Specht filtration in which the number of sub quo- 
tients equal to S'(X) is [A' (A) : L'(p)]; and, 

(v) \Y'( M ):S'(\)] = [A'(\):L'(ri]. 



Proof. This can be proved in exactly the same way as in Theorem [3.6[ alternatively, one 
can use a specialization argument. □ 

We remark that the set of Young modules { Y(X) X h n } and the set of twisted Young 
modules { Y'(X) \ X h n } do not usually coincide; however, we always have that 

{r(A)|I)(A)^0} = {F'(A)|D'(A)^0}, 

because t hese modules are the indecomposable direct summands of Stf . T see this use 



Corollary 3^8 to show that if A is a multipartition and D(X) ^ then Y(X) is the projective 
cover of D(X) and, similarly, that Y'{p) is the projective cover of D'Ui). It follows that 
D(X) = D'(fi) if and only if Y(X) S Y'{p). By the results of the corre- 

spondence between these two different labellings of the simple J^-modules is given by a 
generalization of Kleshchev's version of the Mullineux map (that is, in terms of paths in 
the associated crystal graphs). 

5. CONTRAGREDIENT DUALITY 

We now investigate contragredient duality for the category of ^-modules; this will 
give us the connection between the Specht modules with the dual Specht modules con- 
structed in the previous section. The aim of the section is really to construct a dual Specht 
filtration of M(X)\ in essence, this is the main tool that we need in order to understand the 
tilting modules of the cyclotomic Schur algebras. 

Recall that * is the unique anti-isomorphism of Jf such that T* = Ti for < i < n. 
Given a right -module M define its contragredient dual M® to be the dual module 
Homfl(M, R) equipped with the right J^-action (iph)(m) = (p(mh*) for all ip € M®, 
h e Jtf and m e M. A module M is self-dual if M = M®. By standard arguments, 
M is self-dual if and only if M possesses a non-degenerate associative bilinear form (the 
form ( , ) is associative if (xh, y) — (x, yh*) for all x, y G M and h £ Jif). 

If M is a submodule of Jrf? the reader should be careful not to confuse the dual module 
M® with M* = { m* | m £ M }. 

Constructing dual bases inside is, in general, quite hard. We are going to do it by 
comparing the two bases {m 5t } and {n 5 t} of 3f . First we need to introduce some notation 
for conjugate multipartitions and tableaux. 
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Recall that the conjugate of a composition a is the partition a' = (a[, cr' 2 , . . . ) where 
a\ is the number of nodes in column i of the diagram of a. If A = (A^ 1 - 1 , . . . , A^) is a 
multicomposition then the conjugate of A is the multipartition A' = ((A^)', . . . , (A^)'). 
Observe that if A > \i then pi > A' (and conversely, if A and p are multipartitions). 

If T = (TW, . . . , T^) is a A-tableau of type p then the conjugate of T is the A'~ 
tableau T' = (T /(1) , T /(r) ) where V(i,j, s) = T(j, i, r - s+ 1) for all (i,j,s) e [A']; 
that is, is the tableau obtained by interchanging the rows and columns of T( r-;5+1 '. 
Notice that Type(T') = Type(T). Further, if t is a tableau of type uo then t is standard if 
and only if t' is standard. 

For each multipartition A let t\ = (t A )'; thus, t\ is the standard A-tableau with the 

(r) 

numbers 1, 2, . . . , n entered in order first down the columns of t\ and then the columns 
of tX ; and so on. Observe that if t is a standard A-tableau then t > t > t\. We set 
w\ = d(t\). The following Lemma is well-known; it can be proved by induction on t. 

5.1. Lemma. Suppose that A is a multipartition of n and that i is a standard X-tableau. 
Then d(i)rf(t') _1 = w x andl(w x ) = £(d(t)) + i{d{i')). 

We also extend the dominance order to pairs of tableaux in the usual way. 

If t is a standard tableau and k an integer with 1 < k < n then the residue of k in t is 
defined to be rest(fe) = q 2 ^^Q s if k appears in row i and column j of component s of t. 
Residues are important because of the following result. 

5.2 (James-Mathas [|l^, Prop. 3.7]) Suppose that s and t are standard X-tableau and 
that 1 < k < n. Then there exist r uo G R such that 

m st L k = res t (fc)m st + ^ r uu m u D - 

(tt,t))>(s,t) 

Let K, = Q(q, Qi,...,Q r ) and, following define F t £ Jfjc by 



*=n n 



rest(fc) — c ' 

c^rest (k) 

where TZ(k) = { q 2d Q s | 1 < s < r and \d\ < k and d ^ if r = 1 and k = 2, 3 }. Fi- 
nally, given two standard A-tableau s and t set f sl — F s m 5 iF t and g si = F s /n 5t F t /. 
From the definitions, ( rest(fc)) = resv (k) in Z, for all tableau t and all k. This implies 
that F[ = F v and hence that g si = f' st in Mf, see [fl|]. 

Using (5.2) we obtain the following. 
5.3 (Mathas [|8j]) Suppose that = Jtf K . 

(i) m st = f si + J2 a ,b r ab f ab for some r ab £ Rwithr ab ^ only if (a, b) > (s,t). 

(ii) n sl = g st + J2 a , b r a b ga b far some r ab £ R with r ab ^ only if (a, fa) > (s, t). 

(iii) Suppose that s, t, u and are standard tableaux. Then / 5 t5uo = unless t = u'. 

By (i) and (ii), the sets {/ 6 t} and {g s t} are both bases of Jiffc. In fact, by [18|, both 
bases are self-orthogonal with respect to the bilinear form ( . } which we introduce below. 

5.4. Lemma. Suppose that s and t are standard X-tableaux and that o and u are standard 
^-tableaux such that ^ 0. Then t>' > t 

Proof. Now, m s tn„ u ^ in Jf? only if m s tn DU ^ in Ji?z since = Jf?z ®i R and 
specialization maps the standard basis of ,3^z to the standard basis of and, similarly, 
for the n„ u basis elements. Hence, by embedding J#z into Jtffc in the natural way, we may 
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assume that Jsrff 1 = Mjc, By parts (i) and (ii) of (5.3) there exists scalars r a &, r c0 6 R such 
that 

^ m st n vu = (/ st + r ab f ab S j(^g ou + ^ »"c&/ct^ 

(a,b)>(s,t) (c,0)>(d,u) 

Therefore, there exist (a, b) > (s, t) and (c, 5) > (t), u) such that / a b5co 7^ 0; so, c' = b 



by (5.3)(iii). Consequently, d' > c' = b > t as required. □ 



It is possible to give a direct proof of Lemma 5.4 without using the two orthogonal bases 
{fst} and {g s t} of Jf? (cf. Jl9| , Lemma 4. 11]); however, the proof above is both easier and 



nicer because it avoids long calculations with the relations in Jif. (The proof of (5.3) is 
straightforward and also avoids such calculations.) 



Recall from (2.1) that {L^ 1 ... L^T W | < a t < r and w e 6„ } is a basis of Jf. 



Define r : Jtf — ► R to be the i?-linear map determined by 

(To-i \ J a ' if ai = ' ' • = a„ = Oand w = 1, 

n-^i ■ • ■ L n L w) — \ 

I 0, otherwise. 

This map was introduced by Bremke and Malle [Q] who showed that r is a trace form; 
that is, r(ab) = r(ba) for all 0,6 £ J^. (The definition above is slightly different from 
Bremke and Malle's; it is shown in that the two definitions coincide.) Combining the 
definition with the fact that r is a trace form shows that r(h*) = r(h), for all h e J^. 

Define a bilinear form ( , ):Jf x Jf — > Jf? on Jf? by (hi, ha) = r{hih* 2 ) for all 
hi,h-i € Jiff. Then ( , ) is an associative bilinear form on ,J^\ further, ( , ) is symmetric 
because r is a trace form. 

For each multipartition A set 

r 

QA = (-ir (r - 13 n^r |A(s)| - 

3=1 

Then Q\ 6 R and Q\ is a unit if and only if Q s is a unit whenever \ < n. 
Many of the results which follow rely upon the following result. 

5.5. Theorem. Suppose that (s, t) is a pair of X-tableau and that (u, t>) are p-tableaux. 
Then 

'Qx, if(u',x>') = (s,t), 

0, 5r(u',o')^(fl,t). 



(m st ,n u0 ) 



Proof. Suppose first that (m si , n uv ) ^ 0. Now (m s t, n u0 ) = T(m 5i n 0u ), so m si n ou ^ 0; 



hence, W > t by Lemma 5.4. Now t is a trace form and r(h) = r{h*), for all h 6 3*{?; 



so, applying these two facts, we have r(m S in BU ) = T(n DU TO 5l ) = r(m ts n UB ); hence, 



^ts^uD 7^ and u' ^ s by Lemma 5.4 Therefore, if (772 s t, 7i U o 

) ^ then (u', t)') > (s^i} 



Now assume that (u',0') = (s,t). ThenT^ = T d(t) T d * (t/) = T d(v) TJ (s) by Lemma [U 
Therefore, once again using the fact that r is a trace form, 

(m Bt , rvt') =r(m st n Vs ') = T^^mxTd^T^nx'T^)) 
= T(T d{sl) T2 [s) mxT Wx nx>) = T(T^ x m x T Wx n y ). 
Finally, t(T* m x T Wx n x >) = Qx by jS, Prop. 5.12], so we're done. □ 



As a first consequence we obtain a new proof that M 1 is a symmetric algebra. 
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5.6. Corollary (Malle-Mathas Jl6|]). Suppose that q,Qi, . . . ,Q r are invertible elements 
of R. Then ( , ) is a non-degenerate associative symmetric bilinear form on Jf. Therefore, 
3f is a symmetric algebra; in particular, it is self-dual 



At first sight, this proof of Corollary p.q is considerably easier than the original proof 
i n Jig ]; however, all of the work is hidden in the calculation of t(T* m\T Wx n\i) from 



| ]18| ] and this is quite involved. The payoff for this extra effort is Theorem p ,5| which shows 
that the two bases {m 5i } and {n s i} are almost orthogonal; this fact will be used many 
times in what follows. 

Let A be a multipartition. We next show that S"(A) = S^A')®, and so justify the term 
dual Specht module. Recall that N(X) = n\,3^ and that S"(A) is a quotient of N{X). 

5.7. Corollary. Suppose that q, Qi, . . . , Q r are invertible elements of R and let X be a 
multipartition ofn. Then S"(A) = S'(A')®. 

Proof Now, S{X!) is a submoduleof Jt/Jf(X') and S'{\) is a submodule ofj>S?/3#"(\). 
By Theorem |5.5| ^i) the modules 34?(X') and Jif'(X) are orthogonal with respect to the 
form ( , }, as are M(A') and Jf'(X), and N(X) and jr(X'). Therefore, ( , } induces an 
associative bilinear form ( , )s(X) -S(X') x <S"(A) — >R given by 

(a + Jff(X),b + Jf'(X)) SW = (a, b) = r(ab*). 
In particular, if s £ T S (A') and t 6 T S (A) then 



(m s ,n t )s(x) 



iff =s, 
unlesst' > s, 



by Theorem 5.5. Hence, ( , } is non-degenerate and S"(A) = S(X')® as required. □ 



Recall from (2.5) that M(X) is free as an i?-module with basis 
{ m st | S e 7^" S (A) and t e T S (A) for A h n } . 
It was shown in [0, Cor. 4.15] that this basis gives rise to a Specht filtration of M(/x). 



Similarly, the basis of Corollary 4.2 produces a dual Specht filtration of N(X). We next 
produce another basis of M(p) which exhibits a dual Specht filtration of M(p) and, simi- 
larly, a basis of N(fi) which exhibits a Specht filtration of N(fi). As a byproduct we will 
also obtain a non-degenerate associative bilinear form on each of these modules and hence 
see that they are both self-dual. 

A A-tableau T is column semistandard if T' is semistandard. If p, 6 A and A e A+ 

let 

7; cs (A) = {T|T'e7^(A)} 
be the set of column semistandard A-tableaux of type /i. Observe that if 7^ S (A) ^ then 
7^ rs (A') ^ 0, so A' > fi; equivalent^, /x' > A. We also set T*%A + ) = Uaga+ V'W- 

As a final piece of notation, if o is any tableau and 1 < k < n then write comp„ (k) = s 
if k appears in component s of o. 

5.8. Lemma. Suppose that \i is a multicomposition and that ra M n ut i ^ or n^m uv =/= 
for some standard tableaux u and 0. Then /i(u) is column semistandard. 



Proof. As in the proof of Lemma 5.4 we may assume that 3V = 3Vz- We consider only 
the case where tu^tIux, ^ 0; the other case can be proved by applying the involution '. 

Before we begin the proof proper we remark that it is well-known, and easy enough to 
check, that if Si G 6 M then m^Ti = qm^\ similarly, if Sj 6 6a then Tjn\ = —q~ lr ri\. 
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First, because u' is standard the entries of /i(u') are weakly increasing along rows. 
Suppose that the entries of /i(u') are not strictly increasing down columns. Then we can 
find integers i < j such that i and j are in the same row of f/ 1 and the same column of u'. 
The entries in V 1 are consecutive so this means that there is exists an integer i such that i 
and i + 1 are in the same row of t/ 1 and the same row of u. Therefore, 

qm^riuv = {m f _ l T l )n u0 = m^Tin^) = -q~ 1 m fl n u0 . 

Consequently, m^n u0 = since Mz is Z-free. 

It remains to show that p(u') satisfies condition (iii) of Definition 2.4. If p, is a multi- 
partition then oij, = m t Mtf ; so TO t M t ^ri UD ^ and u' > P by Lemma 5.4, Looking at 
the definitions, we see that p(u') satisfies condition Definition |2.4| (iii) because u' > t M . 
Hence, u is column semistandard as claimed. 

If p is a multicomposition (and not a multipartition) let ft = (p,^, . . . , /J^* 1 ) be the 
multipartition obtained by ordering the parts in each component p^ of /i. Then we can 
find a permutation d of minimal length in S| M = 6l(i) x •■• x Sum | sucn that = 
&pd. Then T^m^ — mpTd- Now, m^riux, is non-zero so Tdm^n^ — m^T c ;?i UD is also 
non-zero. Therefore, there exists tableaux o and b such that n a ^ is a non-zero summand 
of Tdn uv and mpn a b ^ 0. By the last paragraph fl(a) satisfies Definition |2.4| (iii). This 



implies that /i(u) also satisfies Definition 2.4 (iii) because comp u (/c) = comp (fc), for 



1 < k < n, by [Q, Prop. 3.18] since d E Hence, /z(u) is column semistandard. □ 

If S is a A-tableau of type p let S be the unique standard tableau such that /i(S) = S 
and S ^ s whenever s is a standard A-tableau with /i(s) = S. The tableau S is denoted 
first(S) in [[l5j|. The permutation d(S) is a distinguished (6a, S M )-double coset represen- 
tative; that is, it is the unique element of minimal length in &xd(S)& fJ ,. We emphasize 
that S is a standard tableau. 

5.9. Proposition. Suppose that /i is a multicomposition of n. Then M(p) is free as an 
R-module with basis { m^n^ | S E T£\\) andt E T\X) for some A h n } and N(/i) is 
free as an R-module with basis { n^m^ | S E T"(X) and t E T\\) for some A h n }. 

Proof. We only prove for the claim for M(p); the second statement can be proved by a 
similar argument, or by specialization. 



By (5.3 )(iii) {n s t} is a basis of Jff , so M(ji) is spanned by the elements m^n^t, where 
s and t range over all pairs of standard tableaux of the sam e shape. Furthermore, if 
m^n 5 i ^ then /i(s) is column semistandard by Lemma 5J3. Hence, M(p) is spanned 



by the elements m^n si with p(s) column semistandard. Now, if d(s) and d(u) are in the 
same (6a, 6 p )-double coset then m^T^^nx = ±q a m il T d ^n\ for some integer a; see 



the remarks at the start of the proof of Lemma 5.8. By definition d(S) is the unique ele- 
ment of minimal length in its double coset; therefore, the elements in the statement of the 
Lemma span M(/x). However, now we are done because M(p) is i?-free and the number 



of elements in our spanning set is exactly the rank of M(p) by (2.5 ). □ 
Combining Lemma and the Proposition we have. 

5.10. Corollary. Suppose that \x is a multicomposition and that s and t are standard 
tableaux. Then m^n^t ^ if and only iffJ.(s) is column semistandard. Similarly, n^m^t ^ 
if and only if fi(s) is column semistandard. 

Using Proposition Hjj[ the argument of Lemma ^2] produces the following result. 
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5.11. Corollary. Suppose that p is a multicomposition of n. Then there exist /titrations 

M (p) = Mi D ■ ■ ■ D M fc D A-f fe+ i = and N(p) = Nt D ■ ■ ■ D N k D N k+1 = 

of M{p) and N(p), respectively, and multipartitions X\, . . . ,X k , such that p! > Aj, 
Mj/M i+ i = S"(Aj) and Ni/N i+ i = S(Xi), for 1 < i < k. Moreover, if X is any 
multipartition of n then #{l<z<fc|Ai = A} = jj=T"(X). 

5.12. Remark. As an i?-module, JVj is the submodule of iV(^i) with basis the set of ele- 
ments n^m^ with Shape(S) > Aj, for 1 < i < k. In particular, £(//) = N k is spanned 
by { n^rrii , t \ t 6 T s (/i') }; note that /x(t M ') is the unique column standard //-tableau of 
type /i. Therefore, S(p') = n^T^ m^iffl; this is aresult of Du and Rui [fill]. Similarly, 

S'(n') = m,j,T* rin'Jff. 

Because S(\') = S(X')®, the Specht nitrations of M (p) given by [§, Cor. 4. 15] and the 
last result suggest that M(A) is self-dual. A similar remark applies to N(X). When r = 1 
it is clear that both of these modules are self-dual because they are induced representations 
from parabolic subalgebras. 

We need a non-degenerate associative bilinear form. Let ( , } (tl be the bilinear map 
on M(/i) determined by 

(m Si , m^n^ = (m St ,n UD ), 



where mst and m^n^ run over the bases of ( |2.5[ ) and Proposition p.9| , respectively 



If S is a semistandard tableau let Su iS \ be the subtableau of S consisting of those entries 



(j,t) with (j,t) ^ (see Definition 2.4). We extend the dominance order to the 



set of semistandard tableaux by defining S > T if Shapc(S(i. s )) > Sb.ape(T^ jS )) for 
all (i,s). This definition coincides with our previous definition of dominance when S 
is a standard tableau (recall that we are identifying standard tableaux and semistandard 
tableaux of type ui). 

5.13. Proposition. Suppose that Qi, . . . , Q r are invertible elements of R and that [i is a 
multicomposition. Then ( , ) fjl is a non-degenerate associative bilinear form on M(A). In 
particular, M(p) is self-dual. Similarly, N(p) is self-dual. 

Proof. We prove the Proposition only for M(p); the result for N(p) can be obtained using 
a similar argument or by specialization. 

Suppose that S G T*%X), t G T S (A), U G T^\p) and t> G T\p) for some multiparti- 
tions A and p. Applying the definitions we find that 

(m St ,m M n 0c ) M = (m St ,?\i B } = ^ ( m st,n Uc ). 

ser s (A) 



Therefore, by Theorem 5.5, (mst, rn n n i) V )^ — un l ess there is a standard tableau s such 
that(U'y) > (s,t) and^(s) = S; hence, (U',t/) > (S,t). (Here U' = (U)' and not (U')'; 
in general these tableaux are different.) 

Next suppose that (U',o') = (S,t). Then U = (S')' > s' whenever s' is a standard 
tableau with p(s') = S'; therefore, s > U' whenever s is a standard tableau such that 
p(s) = S. Therefore, if (U, o) = (S', t') then 

(™St, = ( TO ^' n Uo) = ( to U'd"«Ud) = <5a 



by Theorem 5.5 
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Combining the last two paragraphs shows that the matrix ((mstj m M n 0t> )/•*) * s mver tible 
and, hence, that the form ( , ) jU on M(/i) is non-degenerate. 

The harder part is to prove that ( , ) M is associative. Now, the form ( . } on iff is 
associative, so if h E J4? then 

(mstft, m^n^n = {m S th,n^ } = (m S t,n uo h*) = ^V o6 (mst,n a &), 

where n ab h* — J2 a b r ab n ab f° r some r ab E -R. Write m$t = m^h^, for some /ig t E 
Then 

(mst,n o6 ) = r(m S tn ba ) = i~(«ba"ist) = r(nb m p ^ t ) = r^m^n^), 

where the second equality uses the fact that r is a trace form and the last equality follows 
because r(a) = r(a*) for all a E . Therefore, if (mst, n a b) ^ then ^i(a) is column 



semistandard by Lemma 5.8. Let A = p. (a) and recall that m M n. a 6 = ±q i m tl n Ab for some 
integer i (which depends on a); write m^n ab — X a m^n Ab and set r Ab — J2 a ^a r o6> where 
the sum runs over those standard tableaux with p(a) = A. Then we have shown that 

(m St /i, = ^ r Ab(mSi,n& b )- 

b£T s (A) 

Aer t f(A) 

On the other hand, by Lemma ^jj] again, 

(mst,m^n( }t h*) M =^rab(rnst,'m, ll n a f l ) ll = r ab (m S u "v n ab) M 

o,b a,beT\X) 
M(a)eT«(A) 

= ^2 r Ab (m Su m f _ l n kb ) tl = ^ r M (m St , n Ab ). 

6eT s (A) 6er s (A) 
Aer^(A) ast-(a) 

Hence, (mst/i, "V?^^ = (mst, m ^ n d v h*) M , so the form is associative as claimed. □ 

5.14. Corollary. Suppose that R is afield and let X be a multipartition of n. Then both 
the Young module Y{X) and the twisted Young module Y'(X) are self-dual. 

Proof. By the Proposition, M(X) and N(X) are both self-dual. Hence, the result follows 



by induction on A using Theorem t^q and Proposition \A, respectively. □ 



6. The cyclotomic tilting modules 

Let (A,X + ) be a quasi-hereditary algebra, where X + is the poset of weights for A; 
see, for example, jio| , Appendix]. For each A E X + there is a standard module A(A) with 
simple head L(X) and a costandard module with simple socle L(X). An A-module M 
has a A-filtration if it has a filtration in which every subquotient isomorphic to a standard 
module; similarly, M has a V-filtration if every subquotient is isomorphic to a costandard 
module. An A-module T is a tilting module if it has both a A-filtration and a V-filtration. 



6.1 (Ringel [20|) Suppose that R is afield and that (A, X + ) is a quasi-hereditary alge- 
bra. Then, for each X E X + , there is a unique indecomposable tilting module T(X) such 
that 

\T{X) : A(A)] = 1 and [T(A) : A(p)} ^ only if X > p. 
Moreover, ifT is any tilting module then 

T = T{xy>> 
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for some non-negative integers t\. 

The T(A) are the partial tilting modules of A. A full tilting module for A is any tilting 
module which contains every T(A), for A G X + , as a direct summand. 

By [0, Cor. 6.18] the cyclotomic Schur algebras are quasi-hereditary algebras with 
weight poset A + . The standard modules of ^(A) are the Weyl modules and the costandard 
modules are their contragredient duals. In this section we will describe the partial tilting 
modules of =5^(A) when weA and the parameters Qi, . . . , Q r are distinct and non-zero. 

First consider the case r = 1. Suppose that d > 1 and let A<j in be the set of composi- 
tions of n into at most d parts and let V be a free i?-module of rank d. Then Jff(& n ) acts 
on V® n (by g-analogues of place permutations) and V® n = M (A); see [^]. The Dipper- 
James [^| q-Schur algebra ,y(d,n) is the cyclotomic g-Schur algebra ,y(Ad. n )', by the 
above remarks S^{d,n) = End.^>( eii )(V®™). Donkin [^] has shown that when d > n 
the tilting modules for J^(d, n) are the indecomposable direct summands of the exterior 
powers A X V — /\ Xl V (g) ■ • ■ <g> /\ Xd V. In the cyclotomic case we do not have a descrip- 
tion of Al (A) = ® M{n) as a tensor product; nevertheless, we do have the following 
analogue of the exterior powers. 

6.2. Definition. For each multicomposition a let E(a) = Horn ^ (Af (A) , A(a)) . 

By definition, E(a) is a right o5^(A)-module. Recall that a is the multipartition ob- 
tained by reordering the parts of aW for each s. By the argument of Corollary N(a) = 
N(a); therefore, = E(a). Hence, there is no loss in assuming that a is a multipar- 

tition. The E(a ) are very similar to the modules A / ((/i) = Hom^« (M(A), M(/it)) of 



Proposition 3.1. The E(a) play the role of exterior powers and the M{^) the symmetric 
powers. 

We will show that E(a) has a Weyl filtration and that it is self-dual; hence, it also has a 
dual Weyl filtration. This will enable us to show that the tilting modules of ^(A) are the 
indecomposable summands of the E(X) as A runs over the multipartitions in A + . 

The next result is a first step towards producing a basis for E(a). By general principles, 
if / G N(a) n M(/i)* then left multiplication by / is an ^f-module homomorphism from 
M(/x) into N(a); in fact, every element of E(a) arises in this way. 

6.3. Lemma. Suppose that a and /i are multicompositions of n. Then there is an isomor- 
phism of R- -modules Hom^f (M(p), iV(a)) = N(a) (~1 M(p)* given by 0i — >0(m tJ ). In 
particular, if 8 G Hom^ (M(p), N(a)^ and hg = 9(m^) then hg G N(a) n M(p)* and 
9(m) = hem, for all m G M(p). 

Proof. This follows from Theorem 5.16 and Lemma 5 .2 of |Q| . (Theorem 5.16 says that the 
double annihilator, { h G \ hs = whenever m^s — }, of is Jtf'm^; Lemma 5.2 
observes that this property of the double annihilator implies the Lemma.) □ 

Therefore, to give a basis of E(a) it is enough to find a basis of N(a) f) AI(n)*. To do 
this we need to make the following assumption. 

6.4. Standing assumption. For the rest of this paper assume that Qi, ■ ■ ■ ,Q r are distinct. 



The only place where we explicitly use Assumption 6.4 is in the proof of the following 
theorem; however, almost everything which follows relies on this result. Unless otherwise 
stated, this assumption will remain in force for the rest of the paper. 

6.5. Theorem. Suppose that Q±, . . . , Q r are all distinct and let a and /i be multicompo- 
sitions of n. Then N(a) H M(p)* is free as an R-module with basis 

{ n a m iT | S G TJ S (A), T G T; s (A) far some A h n } . 
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Proof. First note that N(a) n M(/i)* is free because it is a submodule of a free module. 
Next, by if S G T£*{\) and T G Xf(A), for some multipartition A, then n a m^ T G 
N(a) (~1 M(/i)* since JV(o:) is a right ideal and M (/i)* is a left ideal of Jff. Moreover, as 
S and T run over the possible choices above, these elements remain linearly independent 



because the elements n a m^ t are a basis of N(a) by Proposition 53 



It remains to show that these elements span N(a) D M(/i)*. It will be convenient 
to let 7^ S (A + ) be the set of tableaux of type // which satisfy conditions (i) and (ii) of 
Definition 2.4 but not condition (iii) — these are "almost" semistandard tableaux. 

By Proposition 5_9_, if x G N{a) fl M(/i)* then x = X] i"u o n a in( )0 , for some r\j v G R, 
where the sum is over all pairs (U, t>) of tableaux with U column semistandard of type a 
and o standard. Now, if (i, i + 1) G © M then m^Ti = q; hence, xTi = qx and, as 
in [ |l9[ (4.19)] (compare [0, Lemma 4.1 1]), it follows that if r\j ^ then i and i + 1 are 
not in the same column of and that r$t = r$ where t = i + 1); that is, V = /i(o) 
satisfies conditions (i) and (ii) of Definition ^4|. Therefore, x — ^uv^a^uv where the 
sum is over pairs (U, V) with U G T Q CS (A+) and V G T™{A+) U 7^ s (A + ). By the first 
paragraph, n mj T G N(a) fl M(/i)* when T is semistandard, so we may assume that 
?'uv = unless V G 7^ S (A + ). Thus, we are reduced to showing that if we have an element 
x G N(a) fl M(fi)* which can be written in the form 



ueT^"(A + ) 
VeT-(A) 



for some ryv G R, then x = 0. By way of contradiction, suppose that x ^ 0. 

Fix (S, T) with r ST j= such that r uv = whenever (S, T) > (U, V) for U G T Q CS (A+) 
and V G 7^ as (A+). Let t be the unique standard tableau such that /u(f ) = T and t > T 
whenever //(t) = T; the tableau T is denoted last(T) in [f[5[]. Let i be the smallest positive 
integer su ch th at c = compy(i) > comp tM (z); such an i exists because T does not satisfy 
Definition |2.4] (iii). If j < i then compy(j) < compy(z') by the minimality of i and the 
fact that comp tM (j) < comp tM (i); in particular, this implies that i must appear in the first 
row and first column of T^ c '. Following define 



comp t)1 (z) 

.</, I, ,.../; f[ {Li-Q s ). 

s=l 



Then y.- L ^ since comp tM (i) < c < r. Moreover, m^yi = by [0, Lemma 5.8] (when 
translating into the notation of [@] note that ji = comp tM (z)). Let t = Ts^-i . . . si; then 
res t (l) = res + (z") = Q c and £(d(t)) = £(<f(t)) + i - 1; so, m^T^i ...Ti 



m, 



Sf 



Furthermore, by the cancellation property of the Bruhat-Chevalley order, > T if and 
only if osi_i . . . si > t since £(d(t)) = ^(d(f)) + « — 1; see, for example, [fl7l Cor. 3.9]. 
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Therefore, using (5.2) for the third equality, we have 



(r S Tn a m^f + ^ r u n a m ua ^ 
(r S Tn a m^ t + ^ r' uv n a m u0 ^j {L\ - Q s ) 



comp tF (i) 



u.D 



comp t(1 (z) 

rsT Yl (Qc - Qs) ■ BqMsi + r" n a m uo yj 



8=1 



U.O 



for some r' uv , 6 R. By Assumption x4 the coefficient of n Q mj t in is non -zero 
because c > comp lfI (i) — and r$T ^ 0; note also that riam^ ^ by Corollary 5.10j 
Therefore, xyi ^ 0. However, x € A(a) n Af(/i)* and, as remarked above, m^y,; = 0, 
so this contradicts the assumption that x ^ 0. Consequently, x = and the Theorem 
follows. □ 



6.6. Remark. If Q s = Q t , where s ^ t, then the rank of n a J4? (~l m M can be larger than 
that predicted by Theorem pTa. For example, suppose that Q\ — Q2, when r = n = 2, 



and take a = /x = ((1), (1)). Then n Q = = L\ — Q2 and, by (2.6), 

n a Jt n .Wm^ = M (p) n M (n)* 
is the free i?-module with basis { msr | S, T G T™(A + ) }; this is an i?-module of rank 3. 



In contrast, if Q\ ^ Q2 then by Theorem 5.5 



n a Jf n ifnip = RriaTim^ = R(L 1 - Qi)Ti(Za - Q 2 ); 

this time the intersection has rank 1. (By direct a calculation, (L\ — Qi)Ti(Li — Q2) is 
an element of M((i) n M (//)* if and only if Qi = Q2O 

Shoji has shown that if the parameters Qi, . . . , Q r are distinct then M is an induced 
module (more accurately, he has shown that there exists an induced module which has 
the same image as M in the Grothendieck group of Jff). It should be possible to 
prove analogue of Frobenius reciprocity for the modules M(fi) and N(a) using Shoji's 
work; this would give a better explanation as to why the rank of Hom,# (A/(/i), N(a)) is 



independent of the choice of parameters Qi, . , . , Q r in the presence of Assumption 5.4. 



Now we reap some consequences of Theorem 6.5. We emphasize that even though we 



do not explicitly state Assumption 5.4 it remains in force for all of these results. 



6.7. Corollary. Suppose that a and fi are multicompositions of n. Then 

N(a)r\M(fi)* = n a J^m^. 



Proof. Certainly, n a 3%'m ii C N(a) n M(fi)*. Conversely, by Theorem 5.5 a basis of 
N(a) ("1 M(n)* is given by the elements n a m^ T , where S £ 7^ S (A+) and T <E 7^ S (A+). 
As n a m^ T € naJ^fm^, by (2.5), we also have the opposite inclusion. □ 



Notice that Theorem 5.5 and Corollary 6.7 imply that if /1 is a multipartition then 

771.,'. 



Rn^Tu 
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Du and Rui [ |11| ] have shown that n fJ ,J%'m ll > = Rn^Tw^m^ (without assuming that the 
parameters Q s are distinct). This is interesting because the element n^T w m^i generates 
the Specht module S(p'); see Remark |5.12[ 

6.8. Corollary. Suppose that Hom^f (M(/i), N(a)j ^ Ofar some multicompositions a 
and fi. Then a' > fi. 



Proof. By Lemma p^N(a) n M(ji)* ^ since Hom^ (M{p), N(a)) =f 0. Therefore, 
we can find a multipartition A and tableaux S € T£\\) and T G T"(X) such that n Q mj T 
is a non-zero element of N(a) H M(fi)*. Hence, a' > A > u, so a' > /i as required. □ 

Similarly, if Hom^ (N (a) , M (fj,)) ^ then // > a. 

6.9. Corollary. Suppose that a and fi are multicompositions ofn. Then 

{ n s+ m M | S G rj' s (A), T G T; J (A) / or some A h n } 

is a basis of N{a) n M (/*)*. 



Proof. By Theorem 6.5 the i?-module AT(a) (~l M (/i)* is stable under specialization (or, if 
you prefer, base change); therefore, it is enough to consider the case 3? = M'z- Applying 
the involutions ' and * to the basis of A(/i) M(a)* given by Theorem 6.5 yiel ds the 



result. Alternatively, this can be proved by modifying the argument of Theorem 6.5 □ 
These results allow us to give two bases for E(a). 

6.10. Definition. Suppose that A is a multipartition of n and that a and /i are two multi- 
compositions ofn. For tableaux S G T Q CS (A), T e T^' S (A), A G T^(A) and B G T'%\) let 
9$t and 8' SJ be the homomorphisms in E(a) determined by 

Qsr{m v h) = S utl n a m^ T h and 0' AB (m v h) = 5 ufl n AB m lit h, 

for all h G and all i/eA. 



Lemma f^J together with Theorem |6.5| and Corollary p.9[ respectively, show that these 
maps are elements of E(a). Indeed, these results show that each of the corresponding sets 
of such maps is a basis of E(a). More precisely, we have the following. 

6.11. Proposition. Suppose that Qi, . . . , Q r are all distinct and let a be a multipartition 
ofn. Then E(a) is free as an R-module with bases S and §' where 

S = { 9 ST | S G T™(A) and T G T™(X)for some A h n } 
and S' = { 9' AB | A G T Q ra (A) and B G T;' S (A) for some Ahn}. 



Now that we have the required notation it is a good time to note that E(a) is cyclic. 

6.12. Corollary. Suppose that uj G A and that a is a multicomposition. Then E(a) is a 
cyclic 5^(N)-module; more precisely, E(a) = Oj^j^ 5* '(A) where T„ = a{i u ). 

Proof. The map Oj^j^ is the extension to E(a) of the homomorphism J/f — > N(a) 
given by 0j^j^(h) = n a mj^ JUJ h = n a h, for all h G J4f. Suppose that in S G T^X) 
and T G X^W f° r some multipartition A. Then 9$t = 0t w T"<£'st (both maps send 
to n a m^ T ), so E(a) is cyclic as claimed. □ 



As an application of Proposition 6.11 we now show that E(a) has a Weyl filtration. 
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6.13. Theorem. Suppose that to £ A and that Qi, . . . , Q r are all distinct. Then there exist 
multipartitions Ai, . . . , Afe in A and an '(A)— module filtration 

E(a) =E 1 D---DE k D E k+1 = 

such thatEi/ Ei + i = A(A, ) and a 1 t> Xi, for i = 1, . . . , k. Moreover, if X is any multipar- 
tition in A+ then #{l < i <k \ \i = \] = #T Q CS (A). 

Proof. For the most part this is a familiar argument; however, towards the end there is a 
small twist so we give the details. Let Si, . . . , S k be the complete set of column semis- 
tandard tableaux of type a ordered so that i > j whenever Shape(Sj) > Shape(Sj). For 
each i let let A^ = Shape(Si); then a' > Xi since 7^ s (Ai) ^ 0. 

For i = 1, . . . , k let Ei be the i?-submodule of E(a) spanned by the elements 8$ t 
with j > i and T £ T™(Xj). To prove the Theorem it is enough to show that, Ei is a 
submodule of E(a) and that Ei/Ei + i = A(Aj) for each i. 

Suppose that i > 1 and let T £ 7^ S (A 4 ), U £ T^Xp) and v e T™(p), for some mul- 
ticompositions p,, v, a G A and p £ A + . Consider the product #SiT</?uv- By definition, 
^SiTVuv = unless p = Type(T) = Type(U) = a; so suppose that a = p. In order to 
write #SiTty?uv as a linear combination of the basis elements of E(a) it suffices to consider 
(OsiTfvv) (toi/)- Write myv = "V^UV' f° r some ^uv Then we have 



(0S;T^uv)(«v) = ^s<T(muv) = 0SiT(r>v)/^ v = n^n^T^u 



uv 



2 ^SiVTiSiY J mod 7i 



A; 



YeT^(Ai) 



where the second line follows from ( J2.9| ). Hence, Theorem p. 5| implies that 

^S,T<y3uv = rs^OsiY mod 

Yer^(Ai) 

All of our claims now follow. □ 



6.14. Remark. By Theorem |6.13 the module A(A) is a Weyl module composition factor 



of E(a) whenever T£ S (X) ^ 0; thus, a' > A. Moreover, since 7^ s (ti>) is always non- 
empty this means that A(ui) is always a composi tion f actor of E(a); consequently, the 



assumption that u> £ A is necessary in Theorem 6.13 If w £ A then E(a) is still an 
^(A)-module (for all multicompositions a); however, we are not able to give a Weyl 
filtration of E(a) in this case. 

6.15. Corollary. Suppose that R is a field, to £ A and that X and p are multipartitions 
ofn. Then [E(X):A(X')} = 1 and [E(X):A(p)} ^ only ifX' > p. 

Proof. By the Theorem, [E(X):A(p)\ = #T£%p). Therefore, if [(A):A(/i)] ± then 
T^\p) ^ and p! > X. Finally, [E(X):A(X')} = 1 because X(ty) = (T A )' is the unique 
column semistandard A'-tableau of type A (just as T A = A(t A ) is the unique semistandard 
A-tableau of type A). □ 

As in the previous section, if E is an ^(A)-module then its contragredient dual E® is 
the dual space Homji(£, R) equipped with the contragredient action: (fip)(x) = f(xtp*), 
for f £E®,cp£ y(A) and x £ E. Again, E is self-dual if E = E®. 

If E is an ^(A)-module and p. £ A let E M = Eip^ be the ^-weight space of E. 
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6.16. Theorem. Suppose that Q\, . . . , Q r are distinct invertible elements of R and let a 
be a multicomposition. Then E(a) is self-dual. 

Proof. Define a bilinear map { , } a : E(a) x E(a) — >R by 

a6 ), if Type(T) = Type(B), 
otherwise. 




where 6*st and d' AB run over the two bases § and §' of E(a) from Proposition 6.11. By 
definition, the different weight spaces E^, p, G A, of E(a) are orthogonal with respect to 
{ , } a . Suppose then that Type(T) = Type(B) and let A = Shapc(S). Then, as in the 



proof of Proposition 5.13 



{#ST, #ab}« 



Qx, if(A',B') = (S,T), 
0, if(A'.B') t (S,T), 

where A = Shape(S). Hence, { , } a is a non-degenerate bilinear form on E(a). 

Once again, the harder task is to prove that { , } a is associative. Choose tableaux 
S, T, A and B as above. Suppose that (p 6 Hom^f (M(^), Mil 1 )) for some v, p € A. Then 
0STf £ E v and 0' m ip* G therefore, if /i 7^ 1/ then 

{#ST<P, #Ab} q = = {^ST, ^ABy*}a 

because different weight spaces are orthogonal with respect to { , } a . Suppose then that 
/i = v. By considering weight spaces we may also assume that Typc(T) = p = Type(B). 
Write </?(m M ) = m^h for some h £ Jf? ; then (Osjf){m^h) = n a m^ T h, so 6*st</? is 
determined by n a m^ T h. Similarly, since v ? ( to ai) 6 m^Jf? fl J^m^ we can also write 
— hm^. Therefore, ip*{rn^) = m^h* = (hm^)* = (m^h)* = h*m^; conse- 
quently, (^ab^X^v) = Q'AB( m f-)h* = n^m^h* = n A p h*m u . The bilinear form ( , ) 



we have 



on Jif is associative so, as in the proof of Proposition p. 13 , 

{6> S T</?, #ab}q = (m^ T h,n A g) = (m^ T ,n A gh*) = {6 S j, AB <P*} a - 
Therefore, { , } a is associative and the proof is complete. □ 

Combining the last two results we obtain our main theorem. 

6.17. Theorem. Suppose that R is afield, uj G A and that Qi, ■ ■ ■ ,Q r are distinct non- 
zero elements of R. 

(i) IfXe A+ then 

E(X) = T(A') © T(p) e ^ 
\'\>n 

for some non-negative integers e\^. 

(ii) The tilting modules of .y(A) are the indecomposable direct summands of the mod- 
ules { E(X) I A £ A+ } . 



Proof. By Theorem |6. 13 -E'(A) has a A-filtration; therefore, E(X) also has a V-filtration 



since E(X) is self-dual by Theorem 6.16. Hence, E(X) is a tilting module. Furthermore, 
by Corollary |T| [E(X):A(X')] = 1 and if [£(A):A(/i)] > then A' > p. Therefore, by 



Ringel's theorem (|5.1|), there exist non-negative integers such that 

£(A)ST(A>0T(^. 

This proves (i). Part (ii) now follows by induction on the dominance order using (6.1 ). □ 
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7. RlNGEL DUALITY 



We now turn our attention to the Ringel dual of y(A). By definition, the Ringel dual 
of y(A) is the algebra End (T), where T is any full tilting module for 5 ? {A); thus, 



the Ringel dual is determined only up to Morita equivalence. By Theorem 6.17 the module 

£(A) = ® E{a)= Bomje (M(/j),N{a)) 

a£A a,fj,eA 

is a full tilting module for S^{A) when to £ A and the parameters Qi, . . . , Q r are distinct 
and non-zero. 

Let a and f3 be two multicompositions. Then for any S £ T^ S (X) and T £ X^ S (X) there 
is an J^-module homomorphism cp' SJ : N(a) — ► N(/3); this induces an ^(A)-module 
homomorphism $g T : E(a) — >E(/3) given by §' ST {9) = <p' ST 0, for 9 £ E(a). In fact, we 
will show that these give all of the ^(A)-module homomorphisms from E(a) to E((3). 

The next two results do not require that the parameters Q\, . . . , Q r be distinct. 

7.1. Proposition. Suppose that lu £ A and let a and (3 be multicompositions of n. Then 
Horn s'th) {E{oi), E{0u is free as an R— module with basis 

{ *st I S G 77(A), T e T^(X)for some A £ A+ } . 



Proof. As indicated above the maps <£>g T belong to Horn y(A) (E(a), E(j3)) . Moreover, 
they are linearly independent because the ip' SJ are a basis of Hom^f (N(a),N(f3)) by 



Proposition 4.3 (i). Thus, it remains to see that these maps span Horn ,y(A) \E(a), E(f3)) . 

Suppose that $ e Hom y(A) (E(a),E(/3)). If 9 £ Hom^ (M 0), N(a)) then $(0) 
belongs to Hom^f (M(fi), N{f3)j = N(a); that is, $ maps weight spaces to weight 
spaces. Now, E(a) is generated by 0j^t^ by Corollary |6.12| ; so, $ is determined by 
$(6 T%T «). Moreover, $(0 T - T -) G Hom,^ (jf , iV(/3)) JV(/3) since $ maps weight 
spaces to weight spaces. Therefore, $(0j^t") £ Hom^ (N(a), N((3)) since $ is an 
^(A)-module homomorphism and = Hom^(Jf,J^f) (where we identify h £ Jtf 
with left multiplication by h). Hence, we can write ^{9j^j^ ) = J2s t r ST<^sT f° r some 
r$T £ R by Proposition [4. 3|(i). Therefore, $ = T rsT^sT' completing the proof. □ 



If A is a saturated set of multicompositions let 

E(A) = 0£(q) = Horrid (M(A),JV(A)) = Hom^ (M(fx),N{a)). 

Then E(A) is an (j^'(A), o5^(A))-bimodule. Moreover, it has the following double cen- 
tralizer property. 

If A is an algebra let A° p be the opposite algebra in which the order of multiplication is 
reversed. 

7.2. Corollary. Suppose that lu £ A. Then there are canonical isomorphisms of R— 
algebras 

End, r(A) (E(A)) = ,9"{A)°" and End^ (A) , (E(A)) = y(A). 

Proof. The first isomorphism, <1> ST i — > (p' SJ , is immediate from (the proof of) Proposi- 
tion 7.1. The second isomorphism follows by symmetry. □ 



As a special case we have a description of the Ringel dual of J^(A). 
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7.3. Corollary. Suppose that R is afield, lo G A and that Q±, . . . , Q r are distinct invert- 
ible elements of R. Then the Ringel dual of S^(K) is isomorphic to J?"(A) op . 

Finally, we want to determine the V-filtration multiplicities in the tilting modules. We 
actually don't need to do any work here because the general theory of tilting modules for 
quasi-hereditary algebras tells us that [T(A) : V(/i)] = [A(fi'), L(X')] (see, for example, 
QlOj , Appendix]); however, we want to show how this result can be derived using Young 
modules and Specht filtrations. 

Recall that : ^(A)-mod — > Jf-mod, M i — > M ip^ is the Schur functor. 

7.4. Proposition. Suppose that R is a field, uj G A and let X be a multipartition. Then 
F U (T(X')) ^Y'(X) as -modules. 

Proof. Applying the definitions F u (E(X)) = Hom^ (j^,N(X)) = N(X), where the 
last isomorphism comes from Lemma |6.3| (or directly). Hence, the Schur functor F^ in- 
duces an injective map from Endy(A) [E{X), E(f3)) toEndjsr (N(X), N((3)) ; by Propo- 
sition 4.3(i) and Proposition 7.1 this is an isomorphism. Consequently, if an indecompos- 
able tilting module T(X') is a direct summand of E(X) then F u (T(A')) is an indecom- 
posable direct summand of N(X). Therefore, by Proposition p~4] , F^ (T(A')) = Y'(fj.) for 



some multipartition /i. Now, E(X) = T(A') © V>M T(» eA f by Theorem and 

F U (E(X)) = N(X) S Y'(X) ® v>x Y\v) c ^ 

by Proposition |4.4] (i). Hence, the result follows by induction on the dominance ordering. 

□ 

7.5. Corollary. Suppose that R is afield, weA and that Q\ , . . . , Q r are distinct non-zero 
elements of R. LetXandfibemultipartitionsofn. Then [T(X') : V(/i')] = [A(/i) : L(X)]. 



Proof. Now F^ (A(i^)) = S(v) by (2.10)(i); therefore, as F u projects onto the cj-weight 
space, F w (V(i>)) = F u> (A(v)®) ^ S(v)®. Consequently, we have 

[T(X'):V(n')] = [F u (T(X')) :F W (V(//))], 



SV) ] by Proposition 7.4, 



S'(ji)], by Corollary 5.7 



L'(X)], by Proposition pM|(iv) 



= [Y'(X) 
= [Y'(X) 
= [A'(M) 
= [A(M) : L(X)}, 

where the last equality follows because the isomorphism ^(A) = S"(A) of Proposi- 
tion ^3|(iii) identifies the Weyl modules A(/x) and A'(/i), and the simple modules L(X) 
andi'(A). □ 

To conclude, we remark that in the case of the q-Schur algebras (i.e. when r = 1) 



our proof of Corollary 7.5 looks quite different to Donkin's [|9|]; however, in spirit the two 
arguments are the same in that they both rely on a duality between the symmetric and 
exterior powers and on the isomorphism of Proposition fO|(iii). 
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